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O YMCJIE DJIEMEHTOB CXEMBbI, PEAJIN3YIOIIEH
OBOBHIEHHYIO ®YHKIIMIO I'OJIOCOBAHUA

Annomayus. PaccMarpuBaeTcsl OJUH M3 BaXKHEWIIUX Pa3JesioB MaTeMaTHYeCKON
KHOCPHETHKH — TEOPHS CHHTE3a, HaJIC)KHOCTU U CIIOKHOCTHU YIPABJISIONINX CUCTEM.
AKTyalbHOCTB MCCIIEIOBAaHUN B 3TOH 001acTH 00YCIIOBIEHA BaYKHOCTHI0O MHOTOYHC-
JICHHBIX TPHUJIOXKCHUH, BOSHUKAOIINX B Pa3NIMUHBIX pa3[eliaXx HAyKd M TEXHHKH.
Bce pasnooOpasneie cpencTBa nudpoBoit Texaukn: IBM, MUKpOTIpOIIeCCOPHBIE CH-
CTEMBl U3MEPEHHUI M aBTOMATU3AIllMH TEXHOJOIMYESCKHX NporeccoB, nudposas
CBSI3b, TENEBUACHUE U T.1., CTPOSITCA Ha €IMHOM SJIEMEHTHOH 0a3e, B COCTaB KOTO-
pOW BXOAAT YPE3BBIYAMHO Pa3HBIE IO CIOKHOCTH MHKPOCXEMBI — OT JIOTHYECKIX
3JIEMEHTOB, BBINOJHSIOUIMX MPOCTEHUIINE ONEpalyu, 10 CI0KHEUIINX MPOrpaMMHU-
PYEMBIX KpHCTAJUIOB, COAEPIKAIIUX MUJUIMOHBI JIOTUYECKUX JJIEMEHTOB. Jlormye-
CKHE 3JIeMEHThI HU(PPOBBIX YCTPOKCTB BO MHOI'OM OMNpPEACISIOT (DYHKIHOHAJIbHbIC
BO3MOKHOCTH TMOCTEIHUX, WX KOHCTPYKTHBHOE WCIIOJIHEHHE, TEXHOJIOTHYHOCTB,
HAJICXKHOCTh. K YHCITy OCHOBHBIX MOJICIIEHBIX OOBEKTOB MAaTEMAaTHYCCKOW TCOPHU
CUHTE3a, CJIOKHOCTU M HAJIEKHOCTH YMPABJISIONIUX CHUCTEM OTHOCSTCS CXEMBI U3
HEHAJIS)KHBIX (PYHKIIMOHAIBHBIX 3JIEMEHTOB, peanu3yromue OyieBsl QyHKIun. B
psime pe3ylbTaToB, OTHOCSIIUXCS K peann3aldd OyleBBIX (YHKIUA HaIeKHBIMU
CXeMaMHU W3 HEHAJIC)KHBIX (YHKIMOHAIBHBIX 3JEMEHTOB, (QUTYpUPYET MapameTp
N; — HaUMEHbIIEE YHCIIO (YHKIMOHAJIBHBIX JIEMEHTOB, HEOOXOIUMBIX JIJIsI peau-

3anuu (PYHKIUM FOJOCOBAHUSA X B paccMaTpuBaeMOM MoJjHOM Oasuce. Okas3anochk,
4TO elle U aApyrue QyHKIuu (0003HAYMM MX MHOXECTBO uepe3 () 00naatoT CBOi-
CTBaMH, aHAJIOTMYHBIMU CBOHCTBAM (DYHKIIMH TOJIOCOBaHMS. DTH (DYHKIUH UMEIOT

BT x;%1x,%2 v %1% v, 2239 (0;€ 10,1}, i€ {1,2,3}) U B CTaThe HA3BIBAIOTCA
0000meHHBIMA  (QYHKIIUAMHU TOJIOCOBaHUS, T.e. G — MHOXECTBO (PYHKIMHA BHIA
4%13,°2 v %133 v x,°2 ;%3 . TlycTh N, — HanMeHbIIee YHCI0 aOCOMOTHO Halex-

HBIX (DYHKIMOHAIBHBIX JIEMEHTOB, HEOOXOAUMBIX IS peau3atiy GyHKIn g € G
B PaCCMaTPUBACMOM IIOJIHOM 0a3Kce, & N, = min Ng» T-€ NG — HaMeHbIlIee YUCIIO
geG
a0COJIOTHO HAJCKHBIX (YHKIMOHAJIBHBIX JJIEMEHTOB, JIOCTATOYHOE UIS peajm3a-
LMK XOTs ObI OHOW (pyHKIMM M3 MHOXecTBa G B pacCMaTpHUBaeMOM IOJHOM 0a3u-
ce. llenp naHHOI pabOTHI — MOJYYUTHh BEPXHIOI OLEHKY BEJMYMHBI NG, KOTOpas
Obla OBI CTIpaBeIMBA B TPOU3BOIFHOM TOIHOM 0asuce. [Ipeanonaraercs, 4To Bce
(hyHKIIMOHATIBHBIE 3JIEMEHTHI 0a3nca abCOMOTHO HAIEXKHbL. ISl TOydeHUsT BepX-
Hel OLIEHKH BEJMYMHBI NG HCHOJIB30BaHbl T€ )K€ METOJbl M IOAXOMAbI, YTO W IPU
JIOKa3aTeJIbCTBE N3BECTHOW TeopeMsl [locta o0 monHoTe cucteM OyieBbIX (QyHKLUIL.
Jloxa3aHo, 4TO B IPOU3BOJIBHOM IIOJTHOM KOHEYHOM 0a3uce XOTs Obl OHY (QYHKIHIO
MHOXecTBa G MOXXHO peann30oBaTh CXEMOH, conepikaiieii He 6oee BOCBMU (PYHK-
LHUOHAJIBHBIX 3JIEMEHTOB. Mcronb3yst 3TO CBOICTBO, MOXKHO B HEPaBEHCTBAX 3aMe-
HUTH BEJTMUUHY N KOHCTaHTOH 8. B paHee M3BECTHBIX pe3ynbTaTax M0 HaJeKHOCTU
CXEM, COCTOSIIIMX W3 HEHAAEKHBIX (PYHKIMOHAIBHBIX 3JIEMEHTOB M COICPIKaIUX
BeJIMUNHY NG — 3aBUCSLIYI0 OT pacCMaTpHBaeMoro 0asrca, MOKHO YIydIINTh PsiX
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paHeC MU3BCCTHBIX OLCHOK HCEHAACKHOCTU ACUMITOTHYCCKU ONTUMAJIBHBIX 110
HaIOCKHOCTHU CXEM.

Kniouesvie cnosa: GpyHKIMOHATBHBIE 3JIEMEHTHI, CHHTE3 CXEM M3 (DYHKIIMOHAIBHBIX
3JIEMEHTOB.

M. A. Alekhina

ON THE ISSUE OF THE ELEMENTS NUMBER IN THE GATE,
REALIZING THE GENERALIZED VOTING FUNCTION

Abstract. The article relates to the one of the most important topics of mathematical
cybernetics — to the theory of synthesis, reliability and complexity of control sys-
tems. Topicality of research in this field is determined by the significance of multi-
ple applications, appearing in different fields of science and technology. All the va-
riety of digital technologies: computers, microprocessor systems of technological
processes measurements and automation, digital communication and television etc.,
are based on the same elements including extremely different in complexity micro-
schemes — from logical elements, executing primitive operations, to complex pro-
grammed crystals, containing millions of logical elements. Logical elements of digi-
tal devices to a large extent determine the functional features of the latter, construc-
tion, technological effectiveness and reliability thereof. The list of general modeling
objects of the mathematical theory of synthesis, complexity and reliability of control
systems includes gates with unreliable functional elements, realizing Boolean func-
tions. In a number of results, relating to realization of Boolean functions by reliable
gates with unreliable elemenets, there appears the N ; Parameter — minimal number

of functional elements required for realization of the voting function x in the con-
sidered complete basis. It has been revealed that the other functions (let us letter
them G) also possess features similar to voting function features. These functions

have the following form x%1x,%2 v x,%1x;% v x,°2x3% (0,€{0,1}, ie{1,2,3}) and
are designated in the article as generalized voting functions, i.e. G is the set of func-
tions of x,%1x,2 v x,%1x;%3 v x,%2x;% form. Let N, be the minimal number of abso-

lutely reliable functional elements, required for realization of g € G function in the
considered complete basis, and Ng =min N, i.e. Ng is the minimal number of abso-
geG

lutely reliable functional elements, sufficient for realization of at least one function
from G set in the considered complete basis. The article aims at deriving the upper
bound of Ng, that would be true in the arbitrary complete basis. It is presupposed
that all functional elements of the basis are absolutely reliable. To obtain N upper
bound the author uses the same methods and approaches, as for proving the well-
known Post’s theorem about the completetion of Boolean functions. It is proved that
in the arbitrary complete finite basis at least one function from G set may be realized
by the gate, containing at most eight functional elements. Using this feature, it is
possible to substitute N with 8 constant. In the previously achieved results on relia-
bility of gates, consisting of unreliable functional elements and containing N that
depends on the considered basis, it is possible to improve the number of previously
known reliability estimations of gates asymptotically optimal in reliability.

Key words: functional elements, synthesis of combinatorial gates composed of func-
tional elements.

[Tycts P, — MHOXECTBO Bcex OyJeBbIX (YHKUUH, G — MHOXECTBO OYJIEBBIX

(GyHKIMH, 3aBUCSLIMX OT MEPEMEHHBIX X|,X,,...,X, (7 > 3), U3 KOTOpBIX MOJCTa-
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HOBKOH IEPEeMEHHBIX MOXHO IOIYYHTh HEKOTOpPYyH  (YHKIHIO BHIa
9 c 9 o o 9 .
X002 v Xy 3 v X, 2xy 0, tae o;€ {0,1}, ie {1,2,3}.

ByneBy ¢ynkuuo  Buma  x°'x,%2 v %lx® vx,2xn®  (0,€{0,1},
i€ {l1,2,3}) Oymem Ha3bIBaTH 000OIEHHON (PYHKITNEH TOIOCOBAHUS.

Hanpumep, x;x, vV X3 VX,x53€ G.

3ameuanne 1. HerpyaHo npoBeputs, uto G- = G, te G- — MHOXECTBO Oy-
TeBBIX (QYHKINH, KaKIas W3 KOTOPHIX ABOWCTBeHHA [ 1] HekoTOpo#t (pyHKIMHM MHO-
xectBa G.

[TycTs B — poW3BONIBHBIN TTONHBIN KOHEUHBIH 0a3uc, B < P,. PaccmaTpuBa-
eTcsl peanmzanysl 000OMIEHHBIX (DYHKIMI TOJOCOBAaHUS cXeMaMH U3 (PYHKITHO-
HaJbHBIX JJIEMEHTOB B Oasuce B [2]. O603HaunM N, — MUHMMAIbHOE YHUCIIO dIIe-
MEHTOB, HEOOXOMUMBIX Il peanu3anuu (GyHknun g€ G cxemMoil B 0Oasumce B.

Ilycte Ng =minN,, T.e. Ng — HaMEHbIIIee YUCIIO JIIEMEHTOB, J0CTaTOUHOE JUIs
geCG

peanu3anuu XoTs Obl OAHOHN (YyHKIMK U3 MHOKeCTBa G. SICHO, 4TO 4KCI0 N 3aBH-
CHT OT pacCMaTpUBaeMoro 0asuca.

Bo MHOrMX 33aauax, OTHOCSIINXCS K TEOPUU CHHTE3a, CIOKHOCTH U HA/IEXK-
HOCTH YINPABJIAIONINX CUCTEM, BaXKHO 3HATh BeIM4YHMHBI N, (g€ G) u Ng. UIx uccrne-
JTIOBAHHUIO MOCBSIIIEHA 3T CTATHSI.

N3BecTHO [3], 9TO B MPOW3BOIBLHOM ITOJHOM KOHEYHOM 0a3nce TpUHAI-
[aTH DOJEMEHTOB [IOCTATOYHO [UJIs peanu3alud (QYHKIUHA TOJOCOBAaHHUS
g(X],%y,X3) = XXy V X;X3 V X,X3 CXEMOH U3 (YHKIHOHANbHBIX 31eMeHToB. Ilo-
atomy Ng < 13. OgHako, eciu UCIOIB30BaTh OA3UCHBIE AIEMEHTHI 00Jiee SKOHOM-
HO, MOXKHO JIOKa3aTh CJIEIYIOUIYIO TEOpEMY.

Teopema 1. B rio60om noanom koneunom dazuce Ng < 8.

[Ipexxne wem mokasats TeopeMy 1, BBeZeM HEOOXOAWMBIE TIOHATHS, 0003Ha-
YEHWUsI, yTBEPIKICHUS, a TAK)KE JOKAKEM JIEMMBI.

O6o3naunM (kak u B [1]) Ty — xrace GyHKITHH, COXpaHAIOMUX KOHCTAHTY 0;
Ty — xmacc QyHKITHH, COXpaHIIONUX KOHCTAHTY 1; L — KiTacc TUHEHHBIX (QYHKITHIA,
M — x1acc MOHOTOHHBIX (DYHKITHA.

3ameuanmue 2. [lo Teopeme Ilocra o hyHKIMOHATHHON TOTHOTE (CM. HAIp.,
[1, c. 40] moGoii monHbIi KOHEYHBIH 6asuc coaepkuT GyHKuuo f7. & T, st Ko-

TOPO¥ BEPHO PaBEHCTBO fTO (0,...,0)=1. Bo3moxHbI 1Ba cinydas: 1) fT0 ...,)=0
Wi 2) fTo (L,...,1)=1. CrnenoBarensHO, B TIEPBOM ClTydae fTo (x,..,X)=X, a BO
BTOPOM — fTo (x,...,x)=1, T.e. fTo (x,...,x)e {1,x} .

3ameuanue 3. Ilo Teopeme Ilocra o hyHKIMOHATHHON TOTHOTE (CM. HAIIp.,
[1, c. 40] mo6o¥ TONHBIN KOHEYHBIH 0a3UC CONEPKUT (PYHKITUIO le ¢ 1), Ui Ko-

TOPOH BEPHO PABEHCTBO le (1,...,1)=0. Paccyxnmas Tak ke, Kak B 3aME€UaHHUH 2,
HETPYIHO MPOBEPHUTH, YTO le (x,...,x)e {0,x} .

Taxum 00pazom, cipaBeJIMBO yTBEpKAEHHUE 1.
YrBepxnenue 1. JIro0ol MoMHBIN KOHEYHBIH 06a3UC COOEPKUT Takhe QyHK-

105071 fTO gy, wu le ¢T;, 4YT0 WM XE€ {fT0 (x,...,x),le (x,...,x)}, wim
fTo (x,..,X) = 1,le (x,...,x)=0.
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U3 yrBepxnaenus 1 cienyer, 4To B JF060M MOTHOM KOHEYHOM 0a3uce MOKHO
peanu30BaTh WIH X , HCMIOJIB3Ysl OJUH (DYHKIIMOHATIBHBIA 3JIEMEHT, HJIH KOHCTAHTHI
0, 1, ncrronp3ys 1Mo 01HOMY (PYHKIMOHAIBHOMY JIEMEHTY Ha KaXIyIO.

Jlemma 1 [4]. Ilycts f (x1,...,x,) € M (n > 3). Torna u3 f moaCcTaHOBKO# Tie-
PEMEHHBIX MOXHO MOJIyYUTh TaKylo QYHKIHUIO O(X1,X2,X3)€ M, uto ¢(x,0,1) = X .

O6oznaunM My={X; X,, XV X2, X1 @ x, @ 1}, Mi={xVvXx;, X X3,
X1 @D x3}.

Jlemma 2 [5]. [Tyctb @(xy, X2, x3) € Muo(x,0,1)=X.

1) Ecmu ¢(x1, X2, X3) CyIIECTBEHHO 3aBUCHT TOJBKO OT MEPEMEHHOHU Xj, TO
O(x1, X2, X3) = X;

2) ecau Q(x1, X2, X3) CYIIECTBEHHO 3aBHCUT TOJBKO OT IEPEMEHHBIX X, X2, TO
O(x1, X2, X3) € Mo;

3) eciu @(x), X2, X3) CYLIECTBEHHO 3aBUCUT TOJIBKO OT IIEPEMEHHBIX X1, X3, TO
P(x1, x2, x3) € My

4) ec Q(x1, X2, X3) CYIIECTBEHHO 3aBUCHT OT BCEX TPEX MEPEMEHHBIX X1, X2,
X3, TO @(x1, 0, x3) € My N{X }.

3ameuanue 4. [lepemennas x; (i = 2, 3) s GyHKIUN QO(X], X2, X3) U3 JIEMMBI 2
MOXKET OBITh KaK CyIIECTBEHHOMH, TaK M (PUKTUBHOI.

B pabote [6] ObuM SIBHO Haii/leHBI BCE HEMOHOTOHHBIE (PYHKIHUU P(X|, X7,
X3), IUTsl KOTOPBIX BBITIONHSAETCS ycinoBue @(x, 0, 1) = X . UToObI SIBHO yKa3aTh Ta-
Kre (YHKIUH, UCTIONB30BaJIOCh UX MPEICTAaBICHUE B BUJE MojdrnHOMa JKeraqkuHa
C HeompeIeNIeHHBIMU K03 QUIIHeHTaMu:

Q(x1, X2, X3) = @1x1x2 X3 D axx; X © asx; x3 @
@ asx 3D asx; D agxr, @ ax; @ ag.

ITockombky @(x, 0, 1) = X, BBHIMOJTHAIOTCA JBa paBeHCTBA a3 D as=1,
a; ® ag = 1, U3 KOTOPBIX MOJy4aeM YEThIPE BOZMOXKHBIX YCIIOBHA:

3)613: 1,615:0,617: 1,61320;

6)613: 1,615:0,617:0,6132 1,

B)as=0,as=1,a;=1,a3=0;

Na;=0,as=1,a;=0,a3=1.

Ocranbable KOXDDUITHUESHTH! a1, d;, A4, A — POU3BOJIBHBIC YUCIIA 3 MHOXKE-
crBa {0, 1}.

B »oroit pabGore Ham OyAyT HYXHBI JIUIIh T€ HEMOHOTOHHBIC (YyHKIIUH
Q(x1, X2, Xx3), A1 KOTOpbIX O(x;, 0, x3) = X; (cmywail r). Mmeem mecTHaauaTh
byHKIMA O(x;, X7, X3), T.€. CIPaBESIINBA JieMMa 3.

Jlemma 3 [6]. ITycts pyHKImsa ¢(x;, X2, X3) TakoBa, 410 O(x, 0, x3) = X;. To-
raa @(xy, X, X3) — OJTHA M3 HIKETICPEUHUCICHHBIX ()yHKITHIA:

1) olx1, x2, x3) = x1 @ 1,

2) o(x1, %2, X%3) = x1@x,® 1,

3) o(x1,x2,x3) = 0300, D 1,

4) o(x1, X2, X3) = 03B x DX, D 1,

5) @(x1,x2,x3) = X1 0@ x, @ 1,

6) O, X,X3)= X 0L@Xx®x,D 1,
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7) (p(xl, X2, X3) = X1 X2 @ X2 X3 @ X1 @ 1,

8) 0(x1, X, X3)= X1 0000 x @@ 1,

9) ox1,x,x3)= X0 x:3@x, D 1,

10) (p(xl, X2, X3) = X1X2 X3 @ X1 @ X2 @ 1,

ll) (p(xl, X2, X3) = X1X2 X3 @ X2 X3 @ X1 @ 1,

12) o(x1, X2, X3) = X1 X3P 0, 3@ X D x, D 1,

13) @(x1, X2, X3) = X1 X3P X1 X, @ x, D 1,

14) (p(xl, X2, X3) = X1X2 X3 @ X1 Xz@ X1 @ Xz@ 1,

15) (p(xl, X2, X3) = X1X2 X3 @ X1 Xz@ X2 X3 @ X1 @ l,

16) o(x1, X2, X3) = X1 X3P X1 1, @ X X3 D x; D x, @ 1.

Jlemma 4. [Tycth nonHbI 0a3uc B copepkuT GYHKLIUH X * X;, 0, 1 1 Takyto
dbyHKIUIO  Q(X1, X2, X3), CYIIECTBEHHO 3aBUCAINYI0 OT TPEX IEPEeMEHHBIX, YTO
¢o(x1,0,x3) = X, . Torma Ng < 7.

Hoxazamenscmeo. Bee dyHkuum ¢(xy, X2, X3), yAOBIECTBOPSIOLINE YCIOBHIM
JIeMMBI 4, TIepedrCIeHBI B (DOPMYITHUPOBKE JieMMBI 3 (X 12, HCKITIOUEHBI (QYHKITHH
noJl Homepamu 1, 2, 5, 6, KOTOpbIE CYIIECTBEHHO 3aBHUCAT OT OJHOMN WM JABYX IIe-
peMeHHBIX). [lokaxkem, Kak TOCTPOWTH TpeOyeMble CXEMBI B KaXKIOM M3 OTHX
12 cirydaes:

1. ITyctb @(x1, X2, X3) = xx3 @ x; @ 1. OTOXKIECTBUM NIEPEMEHHBIE X; U X3 U
noJiyduM  QYHKIHIO Q(X), X2, X2) =X, @ x1 @ 1, T.e. @(xy, X2, X2) =X~ x,. Torna,
Mozenupyst Gpopmyiy (xi~xz) - (X2~ X3) ~ X3, IOCTPOUM CXEMYy U3 YETBIPEX dJIe-
MEHTOB, peaTn3yIoNTyio GyHKIIHIO XX, D x| X @ x, X € G.

2. Ilyete @(x1, X2, X3) = X003 @ x; @ x, @ 1. Torma @(x,x2, 0)=x@x, D 1,
T.e. 0(x1, X2, 0) =x,~ x,. Torna, monenupys dopmyiy (x;~ x;) * (X~ x3) ~ x3, HO-
CTPOUM CXEMY U3 IIATH 3JIEMEHTOB, PEAIM3YIONIYI0 (YHKIHIO XX, D X X @ x, X
n3 MHOKecTBa G.

3. Ilyctb @(x1, X2, X3) = X1X2 @ X053 @ x1 @ 1. OTOXKAECTBUM TIEpEMEHHBIE X| U

X; U nonyuuM QyHKOu @(xi, X1, x3) =xx3®@ 1, T.. @(x1, x1, x3) = x;x3 . Torna,

MoZenHpyst GOPMYILY XX, - X|X3 - X, X3 , HOCTPOUM CXEMY U3 IIATH 3JI€MEHTOB, pea-
JAU3YIOLYI0 QYHKLIHUIO XX, V X;X3 V X,X; U3 MHOXecTBa G.

4. Myctb @(x1, X2, X3) = X102 @ 03 D x; @ x, @ 1. OTOXKIAECTBUM TEPEMECH-
HBIC X| U X3 U TONy4yuM (QyHKIUIO O(X, X3, X)) =@ x @ 1, T.e. o(x], X2, X)) =
= X1~ X, (ciyuaii 1).

5. [yctb @(x1, X2, X3) = x1x%3 @ x1 @ 1. OTONKAESCTBUM MEPEMEHHBIC X; U X3 U
HOTYyYUM QYHKIHIO Q(X1, X2, X2) = X1X2 @ X1 @ 1, T.€. 0(x1, X2, X2) = X} V X, . OT™MeTHM
Takke, 4ro @(x;, 0,0)= x;. Torma, momemupys dopmyiy (X vxz) (X vas) X
X (@(p(xa, 0, 0), X3, X3)), TOCTPOUM CXEMYy U3 CEMHU 3JEMEHTOB, PCATU3YIOIIYIO
byHKIMIo (X VX,) - (X Vas) - (x2vixs) u3 MHOXecTBa G.

6. Ilycth @(x1, X2, X3) = X103 @ x; @ x, @ 1. Torma @(x1, x,0)=x, D x; D 1,
T.€. O(x1, X2, 0) = x; ~ X, (ciyyaii 2).

7. IIycth @(x1, X2, X3) = X1X2X3 @ Xox3 @ x; @ 1. OTOXAESCTBUM MTEPEMEHHBIE X

U X3 U NIOIY4YUM QyHKLIUIO Q(X|, X2, X2) = X| V X, , T.€. Q(X1, X1, X3) = X | X, (CTpenKa
IMupca). Toraa, mogenupys Gopmyny (x; -x,) \2 [(x \2 Xy) l X3], IOCTPOUM CXeMy
U3 YEeTBIPEX AJIEMEHTOB, PEATM3YIOIIYI0 QYHKIMIO X;X, V XjX3 V X, X3 € G.
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8. Ilycth @(x1, X2, X3) = X1X2%3 @ X3 @ x; @ x, @ 1. OTOXKIECTBUM TIEpEMEH-
HBIE X| M X3 ¥ TOAYYUM QYHKIHIO Q(X, X2, X)) =X1 D x, @ 1, T.e. @(x1, X2, X1) =
=Xy~ Xy (cimyqaii 1).

9. IIycth @(x1, X2, X3) = X1X2%3 @ X1, @ x; @ 1. OTOXKIECTBUM TTEpPEMEHHBIC X
U X, U noayduM QyHKOU Q(xp, X, x3) =xx3@ 1, 1.6, @(x1, X1, x3) = x1x3
(cmyqaii 3).

10. IIycthb (X1, X2, X3) = X1X2X3 @ X1, @ x; @ x, @ 1. OTOXIECTBUM TIEPEMEH-
HBIE X; M X3 M TOAYYUM QYHKIHIO Q(X1, X2, X2) =X1 D x, @ 1, T.e. @(x1, X2, X2) =
=Xy~ Xy (cimyqaii 1).

11. TIyctb @(x1, X2, X3) = X1X2%3 D X1, @ X003 @ x1 @ 1. OrokaecTBUM TIEepe-
MEHHBIC X| ¥ X3 M MOIyddM (QYHKIHIO Q(X1, X2, X1) = XX @ x, @ 1, T.e. ¢(x1, X2, X1) =
=X V X, (ciyyaii 5).

12. Ilycte @(x1, X2, X3) = X103 @ X102 @ X203 @ x; @ x, @ 1. OtoxnecTBuUM
HEePEMEHHBIE X| U X3 M HOIXy4UM QYHKIHIO Q(X1, X2, X1) = X V X, , T.€. Q(xy, X1, X3) =
=x1 | x; (cmyuait 7).

Jlemma 4 noxasaHna.

Jlemma 5. [lycth momnHBIM 0a3uc B COMEPKUT PYHKIHU X; V Xz, 0, 1 U Takyro
¢GyHKIMIO Q(X], X, X3), CYIIECTBEHHO 3aBUCHINYI0 OT TpeX MNEPEeMEHHBIX, YTO
o(x1, 0,x3) = X; . Torma Ng < 7.

/Jlokaszamenbcmeo aHATOTHYHO JOKa3aTelbCTBY JieMMbl 4. Bce (ynkiuun
o(x1, X2, X3), YIOBIETBOPSIOIINE YCIOBHUIM JIEMMBbI, IIEPEUUCIICHEI B (POPMYITHPOBKE
nemMmbl 3 (ux 12, uckimodeHsl (GyHKIUH o]l HoMepamu 1, 2, 5, 6, KOTopbIe cyliie-
CTBEHHO 3aBHCAT OT OJHOW WM JIByX IMEpPeMEHHBIX). [lokaxem, Kak MOCTPOUTH
TpeOyeMbIe CXEMbI B KQXKIOM U3 ATHX 12 ciiydaes.

1. Ilyctb @(x1, X2, X3) =Xx3 D x; @ 1. OTOXKAECTBUM MEPEMEHHBIC X; U X3 U
nosyuuM  QYHKIHIO (X1, X, X2) =X, @ x1 @ 1, T.e. @(xy, X2, X2) =X~ x,. Torna,
Moaenupyst Gopmyay (x;V x3) ~ ((x2~ X3) V X3), IOCTPOUM CXEMY M3 YETBIPEX dJIe-
MEHTOB, Peann3yIomyo GyHKIHIO X1x; @ x1x3 @ xx3 € G.

2. Ilyctb @(x1, X2, X3) = X003 @ x1 D x, @ 1. Torma @(xy, x2,0)=x,@ x, @ 1, T.c.
o(x1, X2, 0) =x;~x,. Torma, momenupys dopmyny (x;V x3)~ ((xa~x3) V X3), HO-
CTPOUM CXEMY M3 TISTH 3JIEMEHTOB, PEATH3YIONIYI0 PYHKIHIO X1x; D x1x3 D xox3 € G.

3. Ilycetb @(x1, X2, X3) = X1X2 D X3 @ x; @ 1. OTOXKIECTBUM MEPEMEHHBIC X U
X> ¥ IOIY4YHUM QYHKIHIO Q(x1, X1, X3) = X1x3@ 1 = x1x3, T.€. @(xy, X1, X3) = x1[x3. To-
raa, MoAenupys Gopmyiry

(xlxz) [((xl)% )‘(x2x3)) ((x1x3)‘(x2x3 ))} > (1)
MMOCTPOUM  CXEMy M3  IIECTH  JJEMEHTOB, PEaATU3yIOIIyI0  (YHKIHIO

<x1x2 ) [((xl)% )‘<x2x3 ))

4. Tlyctb @(x1, X2, X3) = X1 X P X003 D x; D x, @ 1. OTOXKIECTBUM TIEPEMEH-
HBIC X; U X3 M TOJydyuM (yHKIUIO ¢O(X], X2, X1) =@ x, @ 1, T.e. o(x, X2, X) =
= x|~ X, (ciy4aii 1).

5. IIycth @(x1, X2, X3) = X1X%3 @ x1 @ 1. OTOXKIECTBUM IIEPEMEHHBIC X U X3 U
nosyduM  QYyHKIUIO Q(xy, X2, X2) = X0 @ x1 @ 1, T.e. o(x), X2, X2) = @1(x1, X2) =

((x1x3 )‘(xz)% ))} = X)Xy V X X3 V X,X3 U3 MHOXkecTBa G.
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= X V X, . Ormerum takxke, uto ¢(x;,0,0) = X, T.e. QyHKIUIO X; MOXHO peanu-
30BaTb CXeMOW U3 JByX OdJeMeHTOoB. Torma, wmogenupys Qopmymny
O1(P1(Pi(x1, X2), X3), ©;(x5,%) ), HIOCTPOUM CXEMY U3 ILECTU JIEMEHTOB, Pealu3y-
IOIYI0 QYHKIMIO X;X, V X X3 V X,X3 U3 MHOXecTBa G.

6. Ilycth @(x1, X2, X3) = X103 @ x; @ x, @ 1. Torma @(x1, x,0)=x, D x; D 1,
T.€. (x1, X2, 0) = x| ~ x, (cimyuaii 2).

7. Tlyets @(x1, X2, X3) = X1200%3 @ X3 @ x; @ 1. OTOXKIECTBUM TIEpeMEHHBIC
X U X3 M HOIYyYUM QYHKIHIO Q(X1, X2, X2) = X V X, , T.€. (X1, X1, X3) =x1 | x2. To-

rna, Momenupyst GopMylly X,V X, VXV X3V X, V X3, HOCTPOUM CXEMy W3 IISITH
3JIEMEHTOB, PEATU3YIOILYI0 QYHKIHIO X;X, V X|X3 V X,X3 U3 MHOkecTBa G.

8. Ilyctb @(x1, X2, X3) = X1X2%3 @ X003 @ x; @ x, @ 1. OToKIEeCTBUM TIEPEMEH-
HBIC X| U X3 W TONyuyuM (yHKIU (X, X2, X1) =x1 @ x, D 1, T.e. ¢(xy, X2, X1) =
=X~ X, (ciydaii 1).

9. IIycth Q(x1, X2, X3) = X1X2X3 @ X1, @ x; @ 1. OTOXKIECTBUM MTEPEMEHHBIE X
U X, ¥ IONyuuM QYHKIHUIO @(X1, X1, X3) =x1x3 D 1, T.e. @(x1, X1, X3) = x; | x3. Torxa,
Mozenupyst Gopmyiy (x; v x,)|[(x; |x,)|x3], mocTponm cxeMy U3 udeTbIpex >ie-
MEHTOB, PeaIu3yoUlyto QyHKIHUIO XX, V X X3 V X,x3 € G.

10. ITycth (X1, X2, X3) = X1X203 @ X120, D x; @ x, @ 1. OTOXKIECTBHM TIEPEMEH-
HBIC X, U X3 M TOJyuyuM (yHKIUI O(X1, X2, X2) = X1 D x, D 1, T.e. @(xy, X2, X2) =
= X1~ X, (cmy4aii 1).

11. IIyctb @(x1, X2, X3) = X1X2%3 @ X1X2, D X003 @ x; @ 1. OTOXKACCTBUM TIEpe-
MEHHBIE X; H X3 H TOIyduM (QYHKIHIO O(X], X2, X1) = x5 @ x; D 1, T.e.
0(x1, X2, X1) = X; V X, (ciyuaii 5).

12. Ilycte @(xq, X2, X3) = X103 @ X1, @ X003 @ x; @ x, @ 1. OrokmecTBUM
HEPEMEHHBIE X| U X3 M HOIyYUM QYHKIHIO Q(X1, X2, X1) = X V X5 , T.€. Q(x1, X1, X3) =
=x1 | xp (cmyqaii 7).

Jlemma 5 mokasana.

ByneBbr dyHKImu X3, @ X133 @ X003 D a1 x1 D ax, @ asxs @ ag (a; €4{0, 1},
i€ {0, 1, 2, 3}) OyneM Ha3wIBaTh 0cobenHvimu [7].

Jlemma 6 [7]. V3 Bcsikoil HEMMHEWHOHW M HEOCOOGHHOW (PYHKIMH OT Tpex
i 6oiee TIepEeMEHHBIX TOJICTAHOBKOM MEPEeMEHHBIX MOXKHO MOIYYUTh OO0 0CO-
OcHHYIO (DYHKIIHIO, THOO HETMHEWHYIO (DYHKIIMIO OT IBYX MIEPEMEHHBIX.

U3 nemmsbl 6 crieyeT, 4TO ANl BCAKOW HENWHEHHOW (YHKIWH f; UMEET Me-
CTO POBHO OJIMH U3 BapUaHTOB: JIN0O f; SBJISIETCS] OCOOCHHOM (PyHKIMEH, oo f; —
(hyHKIUS OBYX MEPEMEHHBIX, JIN00 u3 HeocoOeHHOU pyHKIMU f; (X1, ..., X,) (n > 3)
MOJICTAHOBKOM MEPEMEHHBIX MOYKHO MOJYYHTh OCOOCHHYIO (PYHKIIHIO, THOO U3 He-
ocobeHHo# pyHkuuu fi(xy, ..., X,) (n > 3) OTOXKIECTBIEHHEM MEPEMEHHBIX MOKHO
MOJIyYUTh HEJIMHEHHYIO (DYHKIHMIO ABYX MEPEMEHHBIX. TakuM 00pa3oM, MmojaydaeM
OUYEBHUHOE CIIE/ICTBUE.

Cneacrue 1. U3 Bcsikoil HenmHEHHON (QYHKIMH f; TONCTaHOBKOW mepe-
MEHHBIX MOYKHO TIOIYYHUTH (PYHKIIHIO, paBHYIO THOO HEKOTOPOH O0COOEHHOH (hyHK-
oA Q(X),X,x3) =X1X D X103 D x2x3 @ a1x; @ ax, @ asx; @ ap, 160 HEKOTOPOit
HeNMWHEHHONW (YHKIMM JIBYX TMEPEeMEHHBIX (X1, X2) = XX @ a1x; D axx, @ ag
(a;e {0,1},ie {0,1,2,3}).
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Jokazamenvcmeo meopemwt 1. Ilycts B — mpoOn3BOIBHEIN TOTHBIA KOHEU-
HBIH O0asuc. [lockonbKy 6a3zuc B — MONHBINA, B HEM COIEPKHUTCS HeTMHEeHHast PyHK-
wus f;. U3 dyHkuuu f; (cM. ntemMmy 6 U ciefctBue 1) TOACTAaHOBKOW TIepeMEHHBIX
MOXKHO TIONyYHTh (YHKIHIO, PaBHYIO JHO0 @(X;,X,X3) = XX @ x1x3 D xox3 @

@ a1x) D ax; @ azx; @ ap, 160 Y(x1, x2) =x10D@ ax; D ax, @ ay (a; € {0, 1},
ie {0,1,2,3}).

L. Ilyeth @(x),%5,%3) = X120 @ x1x3 @ x0x3 D a1x1 @ axx, @ azx; @ ay.

1.1. Ecin ¢ynkmms @(x;,x,,x3) KOHIPYDHTHAa (QYyHKIHH @ (X;,Xy.X3) =
=00 @ X @ X0 @ a(n®x;) ®a;, TO Q(xXx) = x| 0®ay x50 @
@ x150®a4x350 @xzaoxfo , T.e. ©;(X1,%),%3) = g(x1, X2, x3) € G. B aTOM citydae Ng = 1.

1.2. Ecmun byHkmua @(x;,X,,X3) KOHIPYIHTHA GYHKIHH @, (X),X,X3) =
= X120 D X123 D x5 D x3 D ay(x; @ x2) @ @y, TO OTOKIESCTBUM IIEPEMEHHBIE X, X) H
nonyunM  QyHKIHIO @, (X;.X,x3) =x1 @ x3@ ap.  Mogenupys  popmyny
Oy (Qr(x1,%5,x3), ©r(X1,X5,X3), X3), IOCTPOUM CXeMY S, U3 IBYX dneMeHToB. He-
TPYAHO NPOBEPUTH, UTO @Oy (P, (X;,%0,%3), Qy (X1,X5,%3) ,X3) = X1X2 D x1x3 @ X203 D
@ aq(x; ® x;) = g(x1, X2, x3) € G. Takum o6pazom, Ng < 2.

2. Iyctb W(xi, x2) = X100 @ a1x; @ axx, @ ag, T.. GyHKIUS (X1, X2) KOHIPY-
9HTHA OAHOM U3 QYHKIUH X; X,, X VX, X X2, X| V X2, X1 X2, X1VX2.

2.1. Ilycte ©Oasuc B coxmepxuT (yHKIMIO X, VX, (3aMeTUM, 4TO
X VX, = x1%, ). Torma (cM. dpopmyny (1)) mocTpoum cxemy U3 LIECTH 3JIEMEHTOB,
peanu3yonyro QyHKIHUIO XX, V X;X3 V X,X3 U3 MHOKecTBa G.

Ecnu 6a3uc B coepkut QyHKIHIO X X, , JBOHCTBEHHYIO QYHKIHU X; V X, ,
TO, 3aMeHHB B (hopmyne (1) Bce QyHKIMM Ha IBOWCTBEHHBIC, TOIYYUM (OPMYITY
011 QYHKIUH ( XXy V X1 X3 V X X3 ) = XX, VX X3 V XyX3. Mozaenupys noay4eHHyro
¢dopMyily, MOCTPOMM CXeMy HU3 MIECTH BJIEMEHTOB, PEeaTM3YIOUIyI0 (YHKIHIO
X)Xy V X)X3 V X, X3 U3 MHOKeCTBa G, T.€. yTBEP:KIAECHHUE TEOPEMBI TAKKe BEPHO.

2.2. Ilycte Ga3uc B comepxuT QyHKUIUIO Y;(X),X2) = X, X». [Io ycnosuto Ga-
3uc B — TONIHEIH, T03TOMY (yTBEepXKAcHUE 1) B HEM cojepiKaTcs Takue (yHKIAN
fmel w  freh, uto  wm X€ {fg (% X), fr (%, x)},  wH
fTo (x,...,x)= l,le (x,...,x)=0.

2.2.1. Ilycts x€{ fTO (x,..., %), le (x,...,x)}. Torma, mozemupyst Gopmymy

yi(yi(yi(xi, x2), x3), Wi(x5,%) ), IOCTPOUM CXEMY U3 ISATU DIEMEHTOB, Pealu3y-
IOIYI0 QYHKIHIO X;X, V X|X3 V X,X3 U3 MHOXKeCTBA G.

Ecnu 6a3uc B conepkXuT (QyHKIUIO X; VX,, ABOUCTBEHHYIO (YHKIHHU X X2,
TO YTBEpIKIEHHE TEOPEMbI TAKKe BEPHO (TOCKOIBKY G = G).

22.2. Hyers  fr, (x,...,x) =1, f7 (x,...,.x)=0. Torma, moxenupys dopmyiy
Vi(x1,1), mocTponm cxeMy M3 ABYX 3JEMEHTOB, peanusyooulyto pynkuuto X, . Ha-

Jiee AEWCTBYEeM Tak e, Kak B ciaydae 2.2.1, ¥ MOCTpOUM CXeMy M3 IIeCTH dJIeMEH-
TOB, pEATU3YIOLIYI0 QYHKLUIO XX, V X;X3 V X,X; U3 MHOXecTBa G.
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Ecmu 6azuc B comepxuT QYHKLIUIO X, VXz, ABOMCTBCHHYIO QYHKLIHHU X Xy,
TO yTBEPKICHHE TEOPEMBI TAKIKE BEPHO (IOCKOIBKY G- = G).

2.3. Ilycth 6azuc B comaepxuT QyHKIUIO (X, X2) = Xx1X. [lo ycioButo Oa-
3uc B — momnHbIH, modToMy (yTBepKIeHHE 1) B HEM comepikaTcs Takue (QYHKIUH
fTO €Ty m freT;, aro mm X € {fT0 (x,...,x),le (x,...,x)}, wian fTo (x,...,x) =1,

le (x,...,x)=0.
2.3.1. Ilycts X€ {fT0 (x,...,x),fTl (x,...,x)}. Torma, momemupyst Qopmymy

X)Xy - X;X3 - XpX3 , TIOCTPOMM CXEMY M3 BOCBMH DJIEMEHTOB, PEalIn3yIOUIyl0 (yHK-
LMIO X{X, V X1 X3 V X,X3 U3 MHOXecTBa G.
2.3.2. Ilyctp fTo (x,...,x) El,le (x,...,x)=0. Ilo ycnoButo 6a3uc B — mo-

HBIH, TIO3TOMY B HEM COJCPXKUTCS HEeMOHOTOHHas (yHKius fy. [lo memme 1 u3
(hyHKIUH f); IOJCTAHOBKOM MEPEMEHHBIX ITOYYHM TaKyt0 HEMOHOTOHHYIO (DYHKITUIO
o(x1, X2, x3), uTo ©(x, 0, 1)= X . [lo nemme 2 s hyHKIUH Q(X|, X2, X3) BO3ZMOXKHEI
JBa cirydasi: GyHKIus ¢(X|, X, X3) CyIIECTBEHHO 3aBUCHT HE 0OJIee YeM OT JABYX Iie-
PEMEHHBIX, GYHKIUS ((X], X, X3) CYIIECTBEHHO 3aBUCHUT OT TPEX IMEPEMEHHBIX.

2.3.2.1. [lyctb pynkuus @(x;, X, X3) CYIIECTBEHHO 3aBUCUT He OoJiee YeM OT
JBYX NepeMeHHBbIX. Toraa @(x;, X,, x3) € MyN M N{X } ={X X, X VX, 1 @0, @ 1,
VX3, Xx3, x1@x3, X;}. Cioydam, xorna @(xi, X2, X3)€ {X X, X VX, XV X3,
X|X3, X}, paccMOTpeHbl Bblmle. PaccMOTpuM JBa OCTaBLIMXCS —Cilydas:
Q(x1, X2, X3) = X1 @ x, @ 1 mnm (x, X2, X3) = x1 D x3.

2.3.2.1.1. IIyctb @(x1, X2, X3) =x1 @ %, @ 1, T.e. (X1, X2, X3) =X 1~x,. Torna,
Mozenupyst GopMyiy (x;~ xz) * (X2~ X3) ~ X3, IOCTPOUM CXEMYy W3 YETBIPEX dIIe-
MEHTOB, PeaTU3YIOLIYI0 QYHKIHIO XX, © X1 X, @ x2 X; U3 MHOXKecTBa G.

23.2.1.2. Tlycte  @(xy, X2, x3) =x; @ x3. Torma, momenupys Qopmyiy
X122 @ (x1 D x,)x3, MOCTPOUM CXEMY W3 YETHIPEX JIEMEHTOB, PEATH3YIONMYI0 (HyHK-
U0 X1x; @ x1x3 D xox3 U3 MHOkecTBa G.

2.3.2.2. Ilycts pyHKIUA Q(X], X2, X3) CYIIECTBEHHO 3aBHCHT OT TpPeX IMepe-
MEHHBIX B Q(x1, 0, x3) € MiN{X } = {X VX3, X X3, X1 D x3, X }.

Ecmm ¢(x1, 0, x3) = X; VX3, TO MOBTOPSAA pacCykaeHus M. 2.1 U yduThIBasd,
YTO JJIs peanu3anuyd KOHCTaHThI 0 MBI HCIOJB3yeM (DYHKIIMOHAIBHBIA 3JIECMEHT,
IIOCTPOMM CXEMY M3 CEMH DJIEMEHTOB, PEANN3YIONIYI0 QYHKIHUIO X|X; V X X3 V XpX3
u3 MHOXkecTBa G.

Ecm @(xy, 0, x3) =x; @ x3, To, moBTOPSIsI paccyxkaenus m. 2.3.2.1.2 u y4uTsI-
Basl, YTO JUTSl pean3aliii KOHCTAHTHI ) MBI CTIONB3yeM (PYHKITMOHAJIBHBIN JIEMEHT,
MOCTPOHUM CXEMY M3 TISITH 3JIEMEHTOB, PEaH3YIONIyI0 (PYHKITUIO TOJIOCOBAHMAL.

Ecmn ¢(x1, 0, x3) = X; X3, TO, IOBTOPSIsSL pacCy KACHUs M. 2.2 U YUUTbIBAs, 4TO
JUISL peaiu3aliuid KOHCTaHThl () MbI HUCIOJB3yeM (DYHKIIMOHAJIBHBIA 3JIEMEHT, IO-
CTPOMM CXEMY, PEalu3yIoIlyl0 QYHKIHIO XX, V X|X3 V X,X3 U3 MHOXecTBa G H
coJieprKalllyto He 0oJiee CeMH DIIEMEHTOB.

Ecmu ¢(x1, 0, x3) = X}, TO yTBepakKIA€HHE TEOPEMBI BEPHO I10 JieMMe 4.

2.4, Tlycth 6a3uc B comepKuT QPyHKIHUIO Y3(X1, X2) = X1 VX>.
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[To ycnoButo 6a3uc B — modHBINA, TO3TOMY (YTBEpXKACHHUE 1) B HEM CoJep-
Karcst Takue Qynkuun fr € Ty n fr & Ty, aro wmn X € {f7, (X,...,x), f7, (x,...,X)},

WA fTo (%,..,X) = l,le (x,...,x)=0.
2.4.1. Ilycts x€ {fTO (x,...,x),le (x,...,x)}. Torma, monenupys Qopmyiy

X VX, VX VX3V Xy VX3, TIOCTPOUM CXEMy H3 BOCBMH 3JIEMEHTOB, PEaln3ylo-
Iyt QYHKIHIO X;X, V X;X3 V X,X; U3 MHOXecTBa G.
2.4.2. Tlyctp fT0 (xy..0yX) El,le (x,...,x)=0. Ilo ycnoButo 6a3uc B — moin-

HBIH, ITO3TOMY B HEM COJIEPKHUTCS HEMOHOTOHHAs QyHKUMA fi. [lo demme 1 u3
(GYHKUMH f); TOACTAaHOBKON MEPEeMEHHBIX MOJIYYHM TaKyl0 HEMOHOTOHHYIO (DyHK-
muo  O(x;, X, x3), 410 @(x, 0, 1)= x. [lo nemme 2 misa dyHKmME (X, X2, X3)
BO3MOJXKHBI JIBa ciiydasi: QyHKIUA @(Xx], X;, X3) CYIIECTBEHHO 3aBHCUT HE 00JIee ueM
OT JIByX NIEpEMEHHBIX, QYHKIUSI ((X], X2, X3) CYIIECTBEHHO 3aBUCHT OT TpeX Iepe-
MEHHBIX.

2.4.2.1. Ilycte GyHKIHS (X1, X, X3) CYIIECTBEHHO 3aBUCUT HE 0oJice YeM OT
IBYX mepeMeHHbIX. Torma o(x;,x2,x3) € My N My N{x}={X X, X Vvx,
XPx®1, Xvx;, Xx3, x1®x3, X }. Cioydau, xorma o(xi, x2,x3) € {x X,,
X VX2, X VX3, X|X3, X|}, PaCCMOTpEHbI Bbllle. PaccMOTpUM JBa OCTaBIIMXCS
ciydast: (xi, Xz, X3) =X D@ x, @ 1 wm o(xy, X2, X3) = x1 @ Xx3.

2.42.1.1. Ilyctb @(x1, X2, x3) =x1 @ x, @ 1, T.e. @(x1, X2, X3) = X1 ~ Xx,. Torna,
Mozeupyst hpopmyiny (x;V xp) ~ ((x2~ X3) V X3), HIOCTPOUM CXEMY M3 YETHIPEX dJie-
MEHTOB, PeaNn3yIOIy0 GYHKIHIO X1X; @ x1x3 @ x,x3 U3 MHOXKecTBa G.

2.4.2.1.2. TIlyctsb  @(x1, X2, x3) =x; @ x3. Torma, ™Momemupys Qopmymy
(1@ x2) V (2@ x3)) @ X3, TOCTPOUM CXEMY W3 UYETHIPEX DJIEMEHTOB, pEaTH3yIO-
Y10 QYHKITHIO X1X; D X X @ x, X, M3 MHOXeCTBa G.

2.4.2.2. Ilycte dyHKIuS @(x1, Xz, X3) CYIMIECTBEHHO 3aBHCHUT OT TpeX Iiepe-
MEHHBIX B Q(x1, 0, x3) € MiN{X } = {X VX3, X x3, X1 Dx3, X; }.

Ecnu o(x, 0, x3) = X; VX3, TO IOBTOPsAs paccyXAeHus 1. 2.1 u y4uTeiBasd,
YTO I pean3anuu KOHCTAaHTHI ) MBI UCTIONB3yeM (YHKIIMOHATHHBIA JJIEMEHT,
MOCTPOMM  CXEMy U3 CEeMH DJJEMEHTOB, pealm3yoilylo  (QyHKIHIO
XX, V X X3 V X, X3 U3 MHOXecTBa G.

Ecmm o(x1, 0, x3) = x| @ X3, TO, MOBTOPSIs paccyxaeHus 1. 2.4.2.1.2 1 y4uThI-
Basl, YTO JUISl peau3aiy KOHCTAHThI ) MBI UCTIONB3YyeM (DYHKIIMOHANBHBIA JIEMEHT,
MMOCTPOUM CXEMY M3 IIATH 3JIEMEHTOB, PEATHU3YIONIYI0 (PYHKIINIO TOJIOCOBAHUS.

Ecan ¢(xi, 0, x3) = X; X3, TO, IOBTOPsIs pacCy KACHUS 1. 2.2 U YUUTbIBAs, 4TO
JUTSL pean3aiui KOHCTaHTBl 0 MBI HCIONB3yeM (PYyHKIMOHAIBHBINA DJIEMEHT, T0-
CTPOMM CXEMY, PEalu3yIOIlyl0 QYHKIHMIO X[X, V X|X3 V X,X3 U3 MHOXkecTBa G M
coJieprKallyio He 0oJiee CeMHU DJIEMEHTOB.

Ecan @(xy, 0, x3) = X; , TO yTBEep:KA€HHE TEOPEMBI BEPHO IO JIEMME 5.

Teopema 1 mokazana.
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